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THE HODGE CONJECTURE FOR FIBER BUNDLES AND BLOWUPS
LINGXU MENG
Abstract. We study the Hodge conjecture for fiber bundles and blowups. Moreover, we
consider the birational property of the Hodge conjecture.
1. Introduction
In this paper, all varieties are defined over C.
Hodge, W. posed a conjecture:
For any smooth projective variety X, any class in H2p(X,Z) ∩ Hp,p(X) is a Z-linear
combination of fundamental classes of algebraic subvarieties of X for any integer p.
We call it integral Hodge conjecture. Atiyah, M. and Hirzebruch, F. [4] pointed out that it is
false for general cases. A corrected version of this conjecture is:
For any smooth projective variety X, any class in H2p(X,Q) ∩ Hp,p(X) is a Q-linear
combination of fundamental classes of algebraic subvarieties of X for any integer p.
It is called the Hodge conjecture now.
For a smooth projective variety X, denote by Hodge(X,Z) the statement: The integral
Hodge conjecture is true for X and by Hodge(X,Q) the statement: The Hodge conjecture is
true for X. Evidently, Hodge(X,Z) implies Hodge(X,Q). Let f : X → Y be a surjective
morphism of smooth projective varieties. The relation between Hodge(X,Z) and Hodge(Y,Z)
and that of Hodge(X,Q) and Hodge(Y,Q) are interesting issues. There are many results on
this aspect, see [1, 6, 7, 18, 23, 26], etc. The aim of the present paper is to study them for
two special cases: fiber bundles and blowups.
In the following theorem, we consider the Hodge conjecture for fiber bundles, which will be
applied to the cases of flag bundles and product varieties (see Corollary 3.2 and Propsoition
3.4).
Theorem 1.1. Let X, E be smooth projective varieties and π : E → X an algebraic fiber
bundle.
(1) Suppose that there exist algebraic classes e1, . . ., er in H
∗(E,Z) (resp. H∗(E,Q))
such that their restrictions e1|Ex , . . ., er|Ex freely generate H
∗(Ex,Z) (resp. H∗(Ex,Q)) for
every x ∈ X. Then Hodge(X,Z) implies Hodge(E,Z) (resp. Hodge(E,Q) if and only if
Hodge(X,Q)).
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(2) Suppose the general fiber of π has a cellular decomposition and there exist cycle classes
e1, . . ., er in CH
∗(E) (resp. CH∗(E)Q) such that their restrictions e1|Ex, . . ., er|Ex freely gen-
erate CH∗(Ex) (resp. CH
∗(Ex)Q) for every x ∈ X. Then Hodge(E,Z) (resp. Hodge(E,Q))
if and only if Hodge(X,Z) (resp. Hodge(X,Q)).
The Hodge conjecture for blowups was studied in [3, 18, 12]. We generalize these results
as follows.
Theorem 1.2. Suppose that X˜ is the blowup of a smooth projective variety X along a smooth
center Y with codimension ≥ 2. Then, Hodge(X˜,Z) (resp. Hodge(X˜,Q)) if and only if
Hodge(X,Z) (resp. Hodge(X,Q)) and Hodge(Y,Z) (resp. Hodge(Y,Q)).
This theorem is applicable to the birational property of the Hodge conjecture. As appli-
cations, we give some examples, on which the Hodge conjecture holds. See Section 4.
Acknowledgements. The author warmly thanks Profs. Edidin, Dan and Graham, William
for sending me their paper [9].
2. Preliminaries
For a smooth projective variety X, we recall some notations.
Denote by H∗(X,Z) =
⊕
p≥0
Hp(X,Z) and H∗(X,Q) =
⊕
p≥0
Hp(X,Q) the cohomology rings
of X under the analytic topology with integral and rational coefficients respectively.
Denote by CH∗(X) =
⊕
p≥0
CHp(X) the Chow ring of X, where CHp(X) is the p-th Chow
group, i.e., the group of algebraic cycles with integral coefficients of codimension p modulo
rational equivalence.
For an irreducible reduced subvariety V of X with codimension p, [V ]alg and [V ]top refers
to the cycle class in CHp(X) and the fundamental class in H2p(X,Z) of V respectively. For
an algebraic cycle Z =
∑
i
aiVi, write [Z]
top =
∑
i
ai[Vi]
top and [Z]alg =
∑
i
ai[Vi]
alg, where
∑
i
is a finite sum, Vi are irreducible reduced subvarieties and ai are integers for all i. The cycle
map cl∗X : CH
∗(X)→ H∗(X,Z) is defined as [Z]alg 7→ [Z]top.
Set Hdgp(X,Z) = H2p(X,Z) ∩Hp,p(X) ⊆ H2p(X,Z) and Hdg∗(X,Z) =
⊕
p≥0
Hdgp(X,Z),
which are the p-th integral Hodge class group and the integral Hodge ring of X respectively.
More precisely, α ∈ Hdgp(X,Z) if and only if α ∈ H2p(X,Z) and ρX(α) ∈ Hp,p(X), where
ρX : H
∗(X,Z)→ H∗(X,C) is the natural map induced by the inclusion Z→ C. The refined
cycle map λ∗X : CH
∗(X)→ Hdg∗(X,Z) coincides with clpX except ranges.
Using Q instead of Z, we can define the p-th rational Hodge class group Hdgp(X,Q) and the
rational Hodge ring of X. There is a natural isomorphism Hdg∗(X,Z) ⊗Z Q ∼= Hdg∗(X,Q).
Define CH∗(X)Q = CH
∗(X) ⊗Z Q, cl
∗
X,Q = cl
∗
X ⊗ 1 : CH
∗(X)Q → H
∗(X,Q) and λ∗X,Q =
λ∗X ⊗ 1 : CH
∗(X)Q → Hdg
∗(X,Q).
A class in H∗(X,Z) (resp. H∗(X,Q)) is said to be an algebraic class, if it is a combination
of the fundamental class of subvarieties with integral (resp. rational) coefficients, i.e., it is
in the image of cl∗X or λ
∗
X (resp. cl
p∗X,Q or λ
∗
X,Q). We say that a subset A ⊆ H
∗(X,Z)
(resp. H∗(X,Q)) is algebraic, if all classes in A are algebraic classes. For a smooth projective
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variety X, we reformulate the two kinds of Hodge conjectures Hodge(X,Z) and Hodge(X,Q)
respectively as follows.
Integral Hodge conjecture: The integral Hodge ring Hdg∗(X,Z) of X is algebraic, i.e.,
λ∗X is surjective.
Hodge conjecture: The rational Hodge ring Hdg∗(X,Q) of X is algebraic, i.e., λ∗X,Q is
surjective.
The first part of the following lemma may be well known for experts ([3, Exercises (2)]),
which is a generalization of [18, Lemma 1]. Cao, J. and Hu, W. [6, Remark 3.3] gave a proof
by use of a result of Vial, C. on the Chow motive and the Lawson homology theory (actually,
they obtained more results). We give a simple proof here, which also applies to the second
part of this lemma.
Lemma 2.1. Let f : X → Y be a surjective morphism of smooth projective varieties with
r = dimCX − dimCY . Then Hodge(X,Q) implies Hodge(Y,Q). Moreover, if there exists an
algebraic cycle V with integral coefficients on X with pure codimension r such that f∗[V ]
top =
[Y ]top in H0(Y,Z) = Z[Y ]top, then Hodge(X,Z) implies Hodge(Y,Z).
Proof. Assume that Hodge(X,Q). There exists a subvariety V of X of codimension r such
that f |V : V → Y is a surjective morphism of projective varieties with the same dimensions.
Suppose that f |V is of degree d. Then f∗[V ]
top = d · [Y ]top. For any α ∈ Hdgp(Y,Q),
f∗α = [Z]top for an algebraic cycle Z with Q-coefficients on X, since Hodge(X,Q). By the
projection formula,
α = 1/d · f∗([V ]
top ∪ f∗α) = 1/d · clp+rY (f∗([V ]
alg · [Z]alg)) (2.1)
is algebraic. So Hodge(Y,Q). The first part was proved. These arguments are also valid for
proving the second part, where we use Z instead of Q and notice that d = 1. 
Corollary 2.2. Let f : X → Y be a birational morphism of smooth projective varieties.
Then Hodge(X,Z) implies Hodge(Y,Z) and the inverse is not true.
Proof. Clearly, f∗[X]
top = [Y ]top in H0(Y,Z). We immediately get the first part by Lemma
2.1. By [4, Theorem 6.5], there exists a smooth projective variety Z ⊆ CPn such that the
integral Hodge conjecture does not hold on it. Without loss of generality, we may assume
dimCZ ≤ n−2. Let X be the blowup of CPn along Z. The integral Hodge conjecture is true
for CPn, but not true for X by Theorem 1.2. 
We are interesting in the following question.
Question 2.3. Let f : X → Y be a birational morphism of smooth projective varieties. Does
Hodge(Y,Q) imply Hodge(X,Q)?
Actually, this question is equivalent to the Hodge conjecture. To see it, assume that this
question has a positive answer. Let X and Y are birational smooth projective varieties.
Choose a smooth projective variety Z such that there are birational morphisms Z → X and
Z → Y . Combining the assumptions and Lemma 2.1, the Hodge conjecture is true for X
if and only if it is true for Y . So the Hodge conjecture is birational invariant for smooth
projective varieties, hence the Hodge conjecture holds by the following Corollary 4.2.
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3. The cases of fiber bundles
A variety X is said to have a cellular decomposition, if there is a filtration X = Xn ⊃
Xn−1 ⊃ . . . ⊃ X0 ⊃ X−1 = ∅ by closed subvarieties such that Xi −Xi−1 is a disjoint union
of varieties isomorphic to affine varieties. Let B be a Borel subgroup of a reductive group G,
then the quotient G/B has a cellular decomposition. Projective spaces, Grassmann varieties
and flag varieties are all examples of this type. For a variety X with a cellular decomposition,
cl∗X : CH
∗(X) → H∗(X,Z) is an isomorphism, see [10, Example 1.9.1, 19.1.11]. Clearly, the
integral Hodge conjecture is true for such smooth projective varieties.
A morphism π : E → X of varieties is called an algebraic fiber bundle with general fiber
F , if there is an (Zariski) open covering U of X such that the restriction of π to π−1(U) is
isomorphic to the projection from U × F to U for every U ∈ U.
Now, we give a proof of Theorem 1.1.
Proof. (1) Without loss of generality, assume that the cohomology class ei is of pure degree
2ui for 1 ≤ i ≤ r. By the Leray-Hirsch theorem of cohomology with integral coefficients and
the Hodge decompositions, we have an isomorphism
r∑
i=1
π∗(•) ∪ ei :
r⊕
i=1
Hdgp−ui(X,Z)→ Hdgp(E,Z) (3.1)
for every p. Suppose that Hodge(X,Z), i.e., Hdg∗(X,Z) is algebraic. Since e1, . . ., er are
algebraic classes, Hdg∗(E,Z) is also algebraic. We proved the case of the integral Hodge
conjecture. The arguments also apply to the case of the Hodge conjeture. By Lemma 2.1,
we complete the proof.
(2) We just prove this part for the integral Hodge conjecture. Assume that the cycle class ei
is of pure degree ui for 1 ≤ i ≤ r. Let V1, . . ., Vr be algebraic cycles with integral coefficients
on E such that ei = [Vi]
alg for 1 ≤ i ≤ r. Since Ex has a cellular decomposition, cl
∗
Ex :
CH∗(Ex) → H
∗(Ex,Z) is an isomorphism, hence [V1]top|Ex , . . ., [Vr]
top|Ex freely generate
H∗(Ex,Z). For any p, consider the commutative diagram
⊕r
i=1CH
p−ui(X)
r⊕
i=1
λ
p−ui
X

r∑
i=1
pi∗(•)·[Vi]alg
// CHp(E)
λp
E
⊕r
i=1Hdg
p−ui(X,Z)
r∑
i=1
pi∗(•)∪[Vi]
top
// Hdgp(E,Z).
By the Leray-Hirsch theorem of Chow groups ([9, Lemma 7]) and (3.1), the two rows are
isomorphisms. Hence λ∗X is surjective if and only if λ
∗
E is surjective. 
Remark 3.1. The assumption in Theorem 1.1 (1) implies that H∗(Ex,Z) (resp. H∗(Ex,Q))
is algebraic for any x ∈ X. In the low-dimensional cases, Vial, C. [23, §7] obtained several
results on that Hodge(X,Q) implies Hodge(E,Q) with weaker assumptions.
Corollary 3.2. Let F be a flag bundle over a smooth projective variety X. Then, Hodge(F,Z)
(resp. Hodge(F,Q)) if and only if Hodge(X,Z) (resp. Hodge(X,Q)).
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Proof. Suppose that E is an algebraic vector bundle with rank n over X and n1, . . ., nr is a
sequence of positive integers with
r∑
i=1
ni = n, such that the fiber Fx of F over x ∈ X is the
flag variety Fl(n1, . . . , nr)(Ex) =
{(V1, . . . , Vr−1)|0 = V0 ( V1 ( V2 ( . . . ( Vr−1 ( Vr = Ex, where Vi is a
complex vector space with dimension
i∑
j=1
nj for 1 ≤ i ≤ r}.
For 0 ≤ i ≤ r, let Ei be the universal subbundle over F whose fiber over the point
(V1, . . . , Vr−1) is Vi. Notice that E0 = 0 and Er = π
∗E, where π is the projection form
F onto X. Denote by E(i) = Ei/Ei−1 the successive universal quotient bundles and by
c
(i)
j = cj(E
(i)) ∈ CH∗(F ) the j-th Chern class of E(i) for 1 ≤ i ≤ r. As we know, CH∗(F ) is a
CH∗(X)-module via π∗ freely generated by the monomials e1, . . ., ek on c
(1)
1 , . . ., c
(1)
n1 , c
(2)
1 , . . .,
c
(2)
n2 , . . ., c
(r)
1 , . . ., c
(r)
nr . For every x ∈ X, the restrictions c
(i)
ji
|Fx (1 ≤ i ≤ r, 1 ≤ ji ≤ ni) to Fx
are exactly the Chern classes of the successive universal quotient bundles of the flag variety
Fx. So e1|Fx , . . ., ek|Fx freely generate the Chow ring CH
∗(Fx) as an Abelian group. Since
any flag variety has a cellular decomposition, we get the corollary by Theorem 1.1 (2). 
Remark 3.3. Zucker, S. [26, Lemma A.1] proved that Hodge(X,Q) implies Hodge(F,Q).
Assume that the integral Hodge conjecture or Hodge conjecture is true for smooth projec-
tive varieties X and Y . We ask that if it is still true for the product varieties X × Y . In
[1, 7, 11, 17, 19, 21], etc, there are many studies on this question, which were obtained under
additional conditions on both X and Y . We consider it in the following two special cases,
where the extra conditions are only added on one variety.
Proposition 3.4. Let X and Y be smooth projective varieties.
(1) If Hp,q(Y ) = 0 for all p, q satisfying p 6= q (e.g., if H∗(Y,Q) is algebraic), then
Hodge(X × Y,Q) if and only if Hodge(X,Q) and Hodge(Y,Q).
(2) If H∗(Y,Z) is torsion free and algebraic, then Hodge(X×Y,Z) if and only if Hodge(X,Z).
Proof. Let pr1 : X × Y → X and pr2 : X × Y → Y be projections from X × Y onto X and
Y respectively.
(1) By Lemma 2.1, the part of “only if” holds. For the other part, we first prove a claim:
The exterior product • × • := pr∗1(•) ∪ pr
∗
2(•) gives an isomorphism⊕
p+q=k
Hdgp(X,Q) ⊗Q Hdg
q(Y,Q)→ Hdgk(X × Y,Q) (3.2)
for any k.
Obviously, the map (3.2) is defined well and hence injective by the Ku¨nneth formula of
cohomology with Q-coefficients. We just need to prove that it is surjective. Let α be any
class in Hdgk(X × Y,Q). By the Hodge decomposition, H2q+1(Y,C) = 0 and H2q(Y,C) =
Hq,q(Y ). Then H2q+1(Y,Q) = 0 and H2q(Y,Q) = Hdgq(Y,Q). Let σq,q1 , . . ., σ
q,q
tq be a basis
of Hdgq(Y,Q). There exist τ2p1 , . . ., τ
2q
tq ∈ H
2p(X,Q) for 0 ≤ q ≤ k such that
α =
∑
p+q=k
tq∑
i=0
τ2pi × σ
q,q
i (3.3)
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by the Ku¨nneth formula of cohomology withQ-coefficients. Set τ2pi =
∑
r+s=2p
τ r,si inH
2p(X,C),
where τ r,si ∈ H
r,s(X). Comparing the bidegree in (3.3),
α =
∑
p+q=k
tq∑
i=0
τp,pi × σ
q,q
i in H
k,k(X × Y ) (3.4)
and
∑
r+q=u
s+q=v
tq∑
i=0
τ r,si × σ
q,q
i = 0 in H
u,v(X × Y ) for u 6= v, (3.5)
where u+ v = 2k. By the Ku¨nneth formula of Dolbeault cohomology ([8, IX, (5.23) (5.24)]),
tq∑
i=0
τ r,si ⊗ σ
q,q
i = 0 in H
r,s(X)⊗C H
q,q(Y ) for r 6= s
from (3.5), where r + s + 2q = 2k. So τ r,si = 0 for r 6= s. Then τ
2p
i = τ
p,p
i ∈ H
2p(X,Q) ∩
Hp,p(X) = Hdgp(X,Q). By (3.4), α is in the image of the map (3.2). We proved the claim.
Consider the commutative diagram
⊕
p+q=k
CHp(X)Q ⊗Q CH
q(Y )Q
⊕
p+q=k
λp
X,Q
⊗λq
Y,Q

×
// CHk(X × Y )Q
λk
X×Y,Q
⊕
p+q=k
Hdgp(X,Q)⊗Q Hdgq(Y,Q)
×
// Hdgk(X × Y,Q).
Suppose that Hodge(X,Q) and Hodge(Y,Q). Then the first vertical map is surjective. The
isomorphism (3.2) implies that λkX×Y,Q is surjective. We complete the proof.
(2) View X×Y as a trivial algebraic fiber bundle with general fiber Y over X. Let H∗(Y,Z)
be freely generated by algebraic classes α1, . . ., αr as an Abelian group. Then e1|{x}×Y , . . .,
er|{x}×Y freely generate H
∗({x} × Y,Z) for any x ∈ X, where ei = pr∗2αi are all algebraic
classes for 1 ≤ i ≤ r. By Theorem 1.1 (1), the part of “if” holds. Fixed a point y0 ∈ Y ,
pr1∗([X × {y0}]
top) = [X]top in H0(X,Z). By Lemma 2.1, we get the part of “only if”. 
Remark 3.5. Any smooth projective variety Y with a cellular decomposition satisfies the
assumptions in Proposition 3.4 (2), since H∗(Y,Z) is a free Abelain group with a basis
consisting of algebraic classes ([10, Example 1.9.1, 19.1.11]).
4. The cases of blowups
First, we prove Theorem 1.2.
Proof. We only prove the cases of the integral Hodge conjecture. Let π : X˜ → X be the
blowup. The exceptional divisor E = π−1(Y ) is naturally identified with the projective bundle
E = P(NY/X) associated to the normal bundle NY/X of Y in X. Let hZ = c1(OE(−1)) ∈
H2(E,Z) be the first Chern class of the universal line bundle OE(−1) on E. Then hZ ∈
Hdg1(E,Z), since ρE(hZ) is represented by a Chern form of OE(−1). Suppose that iE : E →
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X˜ is the inclusion. By [24, Theorem 7.31] (see also [15, Proposition 13.1] for Q-coefficients)
and the Hodge decompositions,
ψpHdg = π
∗ +
r−1∑
i=1
iE∗ ◦ (h
i−1
Z ∪) ◦ (π|E)
∗ (4.1)
gives an isomorphism
Hdgp(X,Z) ⊕
r−1⊕
i=1
Hdgp−i(Y,Z)→˜Hdgp(X˜,Z).
Define ψpCH : CH
p(X)⊕
r−1⊕
i=1
CHp−i(Y )→ CHp(X˜) as (4.1) using hCH = c1(OE(−1)) ∈ CH
1(E)
instead of hZ. By [16] or [24, Vol. II, Theorem 9.27], ψ
p
CH is an isomorphism for any p. By
the commutative diagram
CHp(X) ⊕
r−1⊕
i=1
CHp−i(Y )
λp
X
⊕
r−1⊕
i=1
λp−i
Y

ψp
CH
// CHp(X˜)
λp
X˜

Hdgp(X,Z) ⊕
r−1⊕
i=1
Hdgp−i(Y,Z)
ψp
Hdg
// Hdgp(X˜,Z),
λ∗
X˜
is surjective, if and only if, λ∗X and λ
∗
Y are both surjective. We complete the proof. 
Another form of Theorem 1.2 is
Theorem 4.1. Suppose that X is the blowdown of a smooth projective variety X˜ along a
smooth divisor E. Then, Hodge(X,Z) (resp. Hodge(X,Q)) if and only if Hodge(X˜,Z) (resp.
Hodge(X˜,Q)) and Hodge(E,Z) (resp. Hodge(E,Q)).
Proof. Notice that E is a projective bundle over a smooth subvariety Y in X and X˜ is just the
blowup of X along Y . By Corollary 3.2, the integral Hodge conjecture or Hodge conjecture
is true for E if and only if it is true for Y . By Theorem 1.2, we get the theorem. 
Corollary 4.2. If the Hodge conjecture holds for all rational n-folds, then it holds for any
smooth projective variety which can be embedded in CPn with dimension ≤ n− 2. Moreover,
if the Hodge conjecture holds for all smooth rational projective varieties, then it holds for any
smooth projective variety.
Proof. Let X ba a smooth projective variety such that there exists an embedding X →֒ CPn
with dimCX ≤ n − 2. Denote the blowup of CPn along X by C˜Pn. Then Hodge(C˜Pn,Q).
By Theorem 1.2, Hodge(X,Q). The remaining part is obvious. 
By the weak factorization theorem ([25, 0.0.1] or [5, Theorem 0.1.1]) and Theorem 1.2, we
get the following corollary.
Corollary 4.3 ([12, §3 (a)]). For a given positive integer n, if the Hodge conjecture holds
for all smooth projective varieties with dimensions ≤ n − 2, then the Hodge conjecture is
birational invariant in the category of n-folds, namely, if Hodge(X,Q) for a n-fold X, then
Hodge(X ′,Q) for any n-fold X ′ which is birational to X.
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Remark 4.4. The Hodge conjecture is true for smooth projective varieties with dimensions
≤ 3, so the Hodge conjecture is birational invariant in the categories of 4-folds and 5-folds,
see also [14, Corollary 2.8][12, Corollary 1.1][3, Exercises (5)].
Corollary 4.5. Suppose that f : X 99K Y is a dominant rational map of smooth projective
varieties and dimX ≤ 5. Then Hodge(X,Q) implies Hodge(Y,Q). In particular, if Z ×
CPn 99K Y is a dominant rational map of smooth projective varieties satisfying that dimCZ ≤
3 and n ≤ 5− dimCZ, then Hodge(Y,Q).
Proof. Suppose that Hodge(X,Q). Via a sequence of blowups X ′ → X, we have a surjective
morphism f ′ : X ′ → Y of smooth projective varieties. By Remark 4.4, Hodge(X ′,Q). Then
Hodge(Y,Q) by Lemma 2.1. Let Z be a smooth projective variety with dimension ≤ 3. Then
Hodge(Z,Q). By Proposition 3.4 (1), Hodge(Z × CPn,Q), hence Hodge(Y,Q). 
By Remark 4.4 and Corollary 4.5, we easily get
Example 4.6. The Hodge conjecture holds for the following cases:
(1) rational 4-folds/5-folds ([12, Corollary 1.1]),
(2) unirational 4-folds ([18, Theorem]) and unirational 5-folds,
(3) uniruled 4-folds ([7, 22, 20, 13, 1]) and uniruled 5-folds (e.g., rationally connected
4-folds/5-folds [13, Corollary 2.5][2, Corollary 4.3]).
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